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ABSTRACT: The tight focusing of a double ring-shaped radially polarized sinh-Gaussian beam with a
cosine phase plate is studied on the basis of the vector diffraction theory. Under a high-NA focusing
condition, the strong longitudinal component forms a sharper spot at the focal point for both
fundamental mode (R-TEMO01*) beams and higher-order, radially polarized mode beams. Due to
destructive interference between the inner and outer rings, double-ring-shaped radially polarized
mode (R-TEM11*) beams in particular can significantly lower the focal spot size. Simulation results
show that the focused fields and phase distributions at focus are largely influenced by both the cosine
parameter and truncation coefficient of the incident beams. Moreover, shifted focal spot, optical cage
patterns can be flexibly achieved by carefully choosing the cosine parameter (C) and it is also observed
that the intensity distribution of the different mode has little variation among the degree of truncation
(B) of the input beam beside the pupil. This work is important for optical manipulation, particle
limitation systems, laser surface modification and laser direct writing techniques.

KEYWORDS: Higher order Sinh Gaussian beam, Vector diffraction theory, High NA lens, cosine phase
plate.
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INTRODUCTION

A single-ring-shaped radially polarized beam,
which is often referred to as an R-TEM01* mode
beam, is of particular interest. In the case of
high-numerical-aperture (NA) focusing the R-
TEMO1*beam can generate a  strong
longitudinal electric field at the focus [1]. This
strong longitudinal component creates a tight
focus that may increase the resolution of
microscopes [2,3] and improve laser cutting
capabilities in processing materials
[4].Numerous techniques for producing the
radially polarized beam have been described
due to the benefits of the beam that were
previously discussed. Zhan [5] discovered that
the scattering force along the optical axis is zero
in 2004, when he estimated the radiation forces
on metallic Rayleigh particles at the focus using
a highly focused vector R-TEMO1* beam. This
performance is highly helpful in capturing
metallic particles that absorb metal. Due to the

decreased scattering, Kawauchi et al., [6] and
Nieminen et al, [7] showed that R-TEMO1*
beams can be utilized to enhance the
functionality of optical tweezers in the
geometrical optics domain and the Mie regime.
Yan and Yao [8] demonstrated, the radiation
forces on more general dielectric particles with
size ranging from the Rayleigh regime to several
wavelengths, illuminated by a highly focused R-
TEMO1* beam. Ahluwalia et al,[9]reported
experimentally the polarization-induced torque
of an R-TEMO1* beam acting on anisotropic
micro-particles.

The R-TEMO01* beam is superior to the
linearly polarized beam in the Rayleigh domain,
according to the analytical studies reported by
Chen et al, [10]. A doughnut-shaped (single-
ring) radially polarized beam was produced by
superimposing the two orthogonally polarized
Gaussian modes TEM10 and TEMO1 outside or
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within a laser cavity [11,12]. Recently,
Kozawaet al, reported that the radially
polarized higher-order Laguerre-Gaussian beam
(LG) has higher performance than the low-order
one and can generate the focal spot beyond the
Abbe's diffraction limit 0.5A [13-15]. Tian and
Pu [16] also utilized the double-ring-shaped
azimuthally polarized LG beam to form a sub
wavelength focal hole near the focus. Recently,
it was experimentally detected directly on or
after a laser cavity by a higher order radially
polarized mode R-TEM11* [17]. Moreover,
these high frequencies can be radially polarized
through special cavities designed for oscillation.
It has also been reported that two radially
polarized circles can create a dark field around
the focal point under high velocity conditions
[18].This kind of higher-order LG beam has
concentric multi ring-shaped intensity pattern
with m phase shift between the rings.

Focal shifts are crucial for image creation in
defocused planes, for improving the depth of
field, and for automatic focusing [19]. They have
also been played a significant role in the design
and optimization of many optical systems. More
intriguingly, in some optical focusing systems,
the focal shift may be continuous. It was
discovered that the focus switch a phenomenon
known as an effective permutation of the focal
point could occur along with the focal shift. It

was found that the point of absolute maximum
intensity does not coincide with the geometrical
focus but shifts along the optical axis. This
phenomenon is called focus shift. More
intriguingly, in some optical focusing systems,
the focal shift may be continuous. It would be
quite fascinating to look at the focusing
characteristics of this form of radially polarized
light beam since this could help us better
understand its characteristics and broaden the
range of possible applications. In this article, we
examine the focusing properties of a higher-
order radially polarized sinh Gaussian beam
with a cosine phase plate.

2. Vector diffraction theory

Figure 1 displays a schematic diagram of the
proposed technique. The higher order radially
polarized sinh Gaussian beam with cosine phase
plate and then focused through a high NA lens
system. The research was carried out using the
widely utilized high-NA lens system at arbitrary
incident polarization vectorial diffraction
method of Richards and Wolf [20]. The electric
field E(r,z,) at the focus region can be expressed
as using the cylindrical coordinates r, z, and the
notations from Ref. [1].the electric field E(r,z,¢)
in the vicinity of the focal region can be written
as:

Where E, and E, are the amplitudes of the two orthogonal componentsg, ,€, are their corresponding

unit vectors. The electric field's two orthogonal components are represented as

Ey (r,z)=AJ Jcos(8)sin 20P(0)1(6)3; (rsin 0)e'kzCos04g _, (2)

E, (r.2) = 2iA] Jcos(9) sin? 0P (0)1(6)J o (krsin 0)e'k2%%q  (3)

Where @ = arcsin(NA) / n the maximal angle is determined by the numerical aperture of the

objective lens

And n is the index of refraction between the
lens and the sample. K=27/A is the wave
number and Jn(x) is the Bessel function of the
first kind with order n. r and z are the radial and
z coordinates of observation point in focal
region, respectively. P(8)=1 describes the pupil

apodization function. The intensity in the focal
region is proportional to the square modulus of
Eqg. (1). The wavefront phase distribution in the
system examined in this article is a radial cosine
function distribution, and it may be represented
as [21]

¢=n-cos{nocm}—>(4)

tan(a)
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cosine phase plate

Higher order Radially polarized
sinh gaussian beam

Pire.z)

Focal Plane

High NA Lens

Fig 1: Focusing of a radially polarized sinusoidal Gaussian beam with a radial cosine phase
plate through a high numerical aperture lens

Where C is the frequency parameter in the wa
vefront phase distribution's cosine component.
This type of radial cosine phase wavefront was
chosen because it is relatively straightforward
and easy to construct. For instance, this type of
phase distribution can be accomplished by a

phase spatial light modulator or by a pure phase
plate produced using the lithographic process.
The electric field in the focal region can be
written in the same form as Eq. (1); however,
the two orthogonal components Er and Ez are
different and should be expressed as

N : tan(d) | |« . v sikzcosd
Er(r,z)_A{Jcos(e)exp[|.ﬁ.cos{;z-cmﬂsm29P(9)I(<9)J1(krsm<9)e dé — (5)
Ez(r,z)=2iAI«/cos(0)exp[i-ﬁ-cos{n-czg—gﬂsinzQP(H)I(H)JO(krsinH)eikzcosedaa(@

The total intensity distribution in the focal
region is proportional to the square modulus of
Eq. (1), and the radial polarized component and
longitudinal polarized component can be

sin(6)

[(6) =sinh™ (
Wy

Where (m=0, 1, 2,---) is the order of the hollow
sinh-Gaussian beam. If m=0, the above equation
is reduced to the fundamental Gaussian beam
with beam waist of wy[22,23].0bviously, for m =
0,the beam governed by Eq. (7) is conventional
Gaussian beam. However, a new kind of sinh-
Gaussian beam is obtained when m is greater
than 1.0. 0 is determined by NA of objective lens
and 0 < 6 < arcsin(NA/n). Where, n = 1.0 is the
index of refraction of free space. Based on

J.exp(_

calculated according to Egs. (5) and (6)
respectively. The 1(9) describes the radially

polarized sinh-Gaussian beam, this function is

given by
j —(7)

sin’(6)

2

0
Gaussian beam and its characteristic are
determined by parameter m and o,
simultaneously. If m=0, the above equation is
reduced to the fundamental Gaussian beam with
beam waist of wy. However, a new kind of sinh-
Gaussian beam is obtained when m is greater
than 1.1t is noted that the amplitude distribution
of hollow sinh-Gaussian beam is determined by
w0 and m. P(6) denotes the apodization
function of the LGi1 beam, which is given as

series, Eq. (7) can be considered as the sum of [24],
hollow Gaussian beam. Number of hollow
2 2
2 sIn@ _ sin @ 1 sin@
PO=p sinZg, ¥ (ﬁ sin Hmj Ly 2['8 sin Hmaj - ®
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Here Lp is the generalized Laguerre
polynomial and Truncation coefficient = R/w
represents the ratio between R is the radius of
the aperture and w is the waist of incident
beam.

3. RESULTS AND DISCUSSION
The focusing characteristics of the higher

order radially polarized sinh-Gaussian beam
(a)

()

with radial cosine phase wavefront are
determined without losing validity. We carried
out the integration of Eq. (1) numerically using
parameters A = 1, Omax=arcsin(NA),
0o=0.5000NA = 0.9 and m=2. Here, for
simplicity, we assume that both n and A have
refractive indices of 1.

= Etot

1 -]
— Er
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= — Etot ~
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Figure 2 (a) 2D density distribution at z = 0A (b) Axial density at r = OA (c) 3D density flap without
wave front modulation with radial cosine phase

For all calculations, the length unit is
normalized to A and the energy density is
normalized to unity. Without wavefront phase
modulation, the focusing characteristics of a
higher-order radially polarized sinh-Gaussian
beam with a high NA lens system are
investigated. Figure 2 (a-c) displays the
intensity distribution of a higher-order radially
(a)

(L]

polarized sinh-Gaussian beam incident on the
high NA lens. It is observed from the From Fig.
2.a, we calculate the FWHM of the generated
focal spot size to be 0.62A and the focal depth to
be 2.3A, as shown in Fig. 2.b. Such a focal spot
segment is useful for high-refractive-index
particle trapping.

1_
— Er

— Ez

= Etot

Normalized Intensity ()
Normalized Intensity ()

= Etot

Fig.3.(a) 2D intensity distribution at z=-2 A (b) On axial intensity at r= 0A (c) 3D intensity distribution
in focal region for C=1& =1

The focal segment produced for frequency
parameter values of C=1 is displayed in Fig. 3
(a—c).It can be seen from the Fig.3 (a) shows
that the generated focal segment is a shifted
focal spot size is 0.61A. The maximum intensity
location shifted to -2.2 A from Fig. 3 (b&c), and
the focal depth 2.5A.

However when we increased frequency
parameter (C) values for C=1.5 the maximum
intensity position shifted to -2.5A is shown in
fig.4. (c).From the Fig. 4.a, we measured the
FWHM of the generated focal spot size is 0.95A
and focal depth 3.5A which is shown in Fig. 4.b.
We can see that the focal shift distance
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increases on increasing phase parameter C
almost linearly. If this focal peak is used to
construct one optical trap, phase parameter C

may be employed to adjust trap position, can
transport micro particles.

(b) (©

(a) (b)
= — Er H
= — Ez —~ — Etot
£ = Etot Z
5 g
: :
0
! - o 1 ) N -10 -5 i 3 10
Fig 4 : (a) 2D intensity distribution at z=-2 A (b) On axial intensity at r= 0A (c) 3D intensity
distribution in focal region for C=1.5& =1
(a)
1-] -
_ — Er — Etot
< — Ez {‘S
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8
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Fig 5: (a) 2D intensity distribution at z=4 A, (b) On axial intensity at r= OA (c) 3D intensity
distribution in focal region for C=2& f3=1

The evolution of the high NA lens, the three-
dimensional light intensity distribution for the
values of the cosine parameter C = 2 is shown in
Fig. 5. As the cosine parameter C is increased,
the created focal spot in the focal region shifts
away from the optical aperture along the optical
axis, causing the focal shift phenomenon. Here,
focal shift refers to a change in the position of
maximum intensity. From this Figure, we
measured the FWHM of the generated focal spot
size of 0.42A and focal depth of 6.5A, and the
maximum intensity position shifted to 4A, which
is shown in Fig. 5 (a-c). As parameter C is
increased, the focus shift distance rises
practically linearly. From the above focal
pattern evolution process, we can see that for
certain frequency parameters, C can alter
considerably the intensity distribution in the
focal region of a higher-order radially polarized
sinh Gaussian beam, and many novel focal
patterns can occur, which can be used to
construct tunable optical traps.

Now the value of the truncation parameter 8
is changed to investigate its effect on focal
pattern evolution. The intensity distributions
for B = 1.5 and different C are illustrated in Fig.
6 (a-d). It can be seen from this figure that the
truncation parameter affects very considerably
the focal intensity distribution. On increasing
the phase parameter C=1, the whole focal
pattern shifts along the optical axis, with
maximum intensity located at -4A. Under the
condition of C = 1.5, the whole focal pattern
shifts along the optical axis near the optical
aperture, and one intensity peak shrinks so that
there is only one optical intensity maximum at -
1A. When C changes from 1 to 1.5, though, focal
patterns differ very remarkably. In this sense,
we call this optical barrier achieved by the
focusing of the higher-order mode beam an
optical cage. An optically dark spot has obvious
applications for trapping particles with
refractive indices lower than those of the
surrounding medium and the single-beam blue-
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detuned trapping of atoms in a low-intensity
region. In the shifted optical cage suggested in
this study, a particle in the center of the cage
may receive a force with almost spherical
symmetry. We predict that both the intensity
symmetry and the polarization symmetry may

(a)
1.—
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=
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offer isotropic properties for trapping
applications. Note that one can generate the
optical cage by simply focusing a single higher-
order radially polarized beam with appropriate
truncation without any complicated
interference instruments.

(b)

-10 =5 1] 3 10

Fig 6: 2D & 3D Intensity distributions in focal region for NA = 0.9, § = 1.5, and (a & b)
C=1 (c &d) C=1.5 respectively

4. CONCLUSION

In conclusion, the focusing properties of a
higher order radially polarized sinh-gaussian
beam with radial cosine phase wavefront are
extensively investigated based on the vector
diffraction theory. The simulation results
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